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Abstract
Stochastic composite objective mirror descent (SCOMID) is an effective method for 
solving large-scale stochastic composite problems in machine learning. This method 
can efficiently use the geometric properties of a problem through a general distance 
function. However, most existing analyses rely on the convexity of the problem and 
the unbiased assumption of the stochastic gradient. In addition, the convergence 
results are obtained in expectation. To this end, we present an almost sure con-
vergence analysis of SCOMID with biased gradient estimation in the non-convex 
non-smooth setting. For this general case, the analysis shows that the minimum of 
the squared generalized projected gradient norm arbitrarily converges to zero with 
probability one. We also obtain the almost sure convergence of function values for 
SCOMID with time-varying stepsizes in the non-convex and non-smooth setting. 
Numerical experiments support our theoretical findings.

Keywords  SCOMID · Almost sure convergence · Non-convex and non-smooth 
optimization · Biased gradient estimation · Stochastic optimization · Machine 
learning

 *	 Dongpo Xu 
	 xudp100@nenu.edu.cn

	 Danilo P. Mandic 
	 d.mandic@imperial.ac.uk

1	 Key Laboratory for Applied Statistics of MOE, School of Mathematics and Statistics, Northeast 
Normal University, Changchun 130024, People’s Republic of China

2	 College of Mathematics and Physics, Wenzhou University, Wenzhou 325035, 
People’s Republic of China

3	 Department of Electrical and Electronic Engineering, Imperial College London, 
London SW7 2AZ, UK

http://crossmark.crossref.org/dialog/?doi=10.1007/s11590-023-01972-3&domain=pdf
http://orcid.org/0000-0002-9663-9743


	 Y. Liang et al.

1 3

1  Introduction

Consider the stochastic composite optimization problem of the form

where X ⊂ ℝ
d is a closed convex set, function F(x) ∶= ��∼D[f (x, �)] is a smooth 

(possibly non-convex) mapping, where � is a random variable which follows an 
unknown distribution D, and R(x) is a non-convex and non-smooth regularizer used 
to prevent over-fitting. The problem in (1) is very common in machine learning, sta-
tistics, signal processing and imaging, and other related areas [3, 24, 31, 32]. Sto-
chastic composite objective mirror descent (SCOMID) with a general distance func-
tion is one of the most popular methods for solving the problem in (1), and takes the 
form

where � is the stepsize, gt is the stochastic gradient, and B�t
 denotes the 

Bregman distance with respect to the �-strongly convex function �t . i.e., 
B�t

(x, xt) = �t(x) − �t(xt) − ⟨∇�t(xt), x − xt⟩ . It can be observed that by choosing 
different distance generating functions, �t in (2), we can obtain different stochastic 
optimization algorithms, some of which are listed in Table 1.

Although SCOMID has been demonstrated to work well for solving the com-
posite optimization problem (1), the classical analysis is performed in the restricted 
convex setting [9]. However, in practical applications, F(x) and R(x) may be non-
convex, and also R(x) is usually non-smooth. Examples include principal compo-
nent analysis (PCA) with non-convex loss F(x) [19], speckle noise removal model 
with non-convex regularizer R(x) [15, 28], and �0 minimization with non-smooth 
regularizer R(x) [37]. On the other hand, the convergence analyses of stochas-
tic optimization algorithms depend on another restrictive unbiased assumption of 

(1)min
x∈X

{
Φ(x) = F(x) + R(x)

}
,

(2)xt+1 ∈ argmin
x∈X

�
�⟨gt, x⟩ + �R(x) + B�t

(x, xt)
�
,

Table 1   Some special cases of SCOMID with different parameter values, where ‖x‖
G

1∕2
t

= ⟨x,G1∕2
t x⟩ and 

‖x‖2 = ⟨x, x⟩

C = Constraint, R = Regularizer, AdaGrad = Adaptive stochastic gradient descent, Prox-SGD = Proxi-
mal stochastic gradient descent, SPGD = Stochastic projected gradient descent, SGD = Stochastic gradi-
ent descent

Algorithm C R �t(x) Iterate

AdaGrad [8] X R(x) ‖x‖
G

1∕2
t
∕2 xt+1 = argminx∈X

�
�t⟨gt, x⟩ + �tR(x) +

1

2
‖x − xt‖G1∕2

t

�

Prox-SGD [10] ℝ
d R(x) ‖x‖2∕2 xt+1 = argminx∈ℝd

�
�t⟨gt, x⟩ + �tR(x) +

1

2
‖x − xt‖2

�

SPGD [36] X − ‖x‖2∕2 xt+1 = argminx∈X
�
�t⟨gt, x⟩ +

1

2
‖x − xt‖2

�

SGD [29] ℝ
d − ‖x‖2∕2 xt+1 = xt − �tgt
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stochastic gradient estimation (i.e., �[ gt |Ft] = ∇F(xt)
1) [1, 4, 13]. However, biased 

gradients commonly exist due to the unknown distribution of the actual data sam-
ples [2]. In addition, the gradient estimations generated by effective variance reduc-
tion (VR) techniques adopted in machine learning are often biased [6]. Therefore, 
extending the analysis of SCOMID to a biased stochastic setting is of considerable 
practical significance. In particular, recent works [3, 22] focus on the convergence 
of SGD with biased gradient estimation, requiring the stochastic gradient to satisfy 
∇F(xt)

T
�[ gt �Ft] ≥ �‖∇F(xt)‖2 . In contrast, we do not impose any assumptions on 

the first moment of gt (i.e., �[ gt |Ft] ) in this paper. Also, most existing work focuses 
on convergence in expectation [4, 9, 12, 33], while the more practically relevant 
almost sure convergence analysis is still underexplored.

For these reasons, this paper aims to establish the convergence analysis of SCO-
MID in a general setting, by solving the following three issues: (i) non-convex reg-
ularizer R(x), (ii) biased gradient estimation, and (iii) almost sure convergence. It 
should be noted that the constraint set, X, the non-convex regularizer, R(x), and the 
general distance, B�t

 , bring challenges to our analysis do not exist in other related 
work, as elaborated in Table 2. The following are our main contributions:

•	 We first establish the almost sure convergence analysis of SCOMID in the non-
convex non-smooth setting (see the last column of Table 2). More specifically, 
we prove that the generalized projected gradient, min1≤i≤t ‖G�i∕2

(xi, x
+
i
)‖2 , arbi-

trarily converges to zero with probability one, and the function values, Φ(xt) , 
almost surely converge to a finite limit.

•	 Our analysis is established based on the biased gradient estimation, as shown in 
the fifth column of Table 2, where the unbiasedness of stochastic gradient gt [1, 
5, 25] is removed. In addition, we develop a new variance assumption on the sto-

Table 2   Comparison of problem setting (see F(x), R(x) and Constraint), stochastic gradient estimation gt , 
algorithm, and convergence results in this paper with some relevant literature

Citation F(x) R(x) Constraint gt Algorithm a.s.

[12] L-smooth Convex X Unbiased SCOMID ×

[4, 13] L-smooth Convex ℝ
d Unbiased Prox-SGD ×

[14, 17] L-smooth − ℝ
d Unbiased SGD ×

[35, 38] L-smooth − ℝ
d Unbiased AdaGrad ×

[25] L-smooth, 
G-Lipschitz

− X Unbiased SGD ✓

[1] − �-weakly convex X Unbiased AdaGrad ×

[5] − �-weakly convex ℝ
d Unbiased Prox-SGD ×

[6] L-smooth Non-convex ℝ
d Biased Prox-SGD ×

ours L-smooth Non-convex X Biased SCOMID ✓

1  Ft denotes the �-algebra generated by random variables x1 , x2 , ⋯ , xt , i.e., Ft = �(x1, x2, ⋯ , xt).
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chastic gradient, gt (see Assumption 1(c)), which is somewhat weaker than the 
bounded variance assumption (i.e., �t = 0 in (27)) [12, 18, 35].

•	 We focus on the general composite optimization problem with a non-convex non-
smooth regularizer R(x). As shown in the third column of Table 2, this allows us 
to remove the standard convexity assumption on the regularizer R(x) [4, 12, 13]. 
Moreover, we develop a non-convex non-smooth regularizer in Sect. 4, and then 
experimentally verify our theoretical findings.

2 � Preliminaries

2.1 � Notations

•	 The projected operator onto X: 

•	 The projection gradient descent associated with ∇F(xt) : 

•	 The generalized projected gradient [12]: 

Remark 1  The generalized projected gradient function, G�(xt, x
+
t
) , is often used to 

measure convergence for non-convex optimization problems [12]. To have a better 
understanding of G�(xt, x

+
t
) , we explore its role for convergence analysis in the fol-

lowing section.

2.2 � Convergence criterion

The convergence criterion is important in studying non-smooth non-convex prob-
lems, whereby the function values, Φ(x) − Φ∗ , are typically employed as a criterion 
in the convex setting. For non-convex but smooth problems, i.e., R(x) = 0 in (1), the 
gradient norm ‖∇F(x)‖ is used to measure stationarity. In this section, we provide 
some special cases of G�(xt, x

+
t
) to clarify the reason for adopting it as a criterion for 

non-smooth non-convex objectives.

Example 1  (Gradient) If X = ℝ
d , R(x) = 0 , and �t(x) = ‖x‖2∕2 , we can obtain 

B�t
(x, y) = ‖x − y‖2∕2 . In addition, due to the smoothness of F(x), the problem in 

(1) transforms into a smooth one, i.e., Φ(x) is smooth, to give

(3)P
X
(y, g, �) = argmin

x∈X

�
�⟨g, x⟩ + �R(x) + B�t

(x, y)
�
.

(4)x+
t
∈ P

X

(
xt,∇F(xt), �

)
.

(5)G�(xt, x
+
t
) =

(
xt − x+

t

)
∕�.
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By the definition of x+
t
 , we can then obtain

where the last inequality follows from the optimality of x+
t
 , i.e., 

�∇F(xt) + (x+
t
− xt) = 0 . In this case, G�(xt, x

+
t
) directly reduces to the gradient of 

function F at xt . i.e.,

which is used to measure the convergence for non-convex but smooth objective 
functions [17, 20].

Example 2  (Gradient of the Moreau envelope) If X = ℝ
d , F(x) = 0 , and �t(x) = ‖x‖2∕2 , 

then the composite optimization in (1) becomes

Further, we can obtain

Then, G�(xt, x
+
t
) becomes the gradient of the Moreau envelope. i.e.,

which measures the convergence when optimizing weakly convex problems [5, 7, 
23].

Example 3  (Gradient mapping) If X = ℝ
d , and �t(x) = ‖x‖2∕2 , the problem in (1) 

assumes the following unconstrained form

Then, we have

where the last inequality follows from the definition of the proximal operator, i.e., 
proxh(x) = argminu∈ℝd{h(u) +

1

2
‖u − x‖2} . Thus, G�(xt, x

+
t
) will reduce to the gradi-

ent mapping [27]. i.e.,

(6)min
x∈ℝd

{
Φ(x) = F(x)

}
.

(7)x+
t

(4),(3)
= arg min

x∈ℝd

�
�⟨∇F(xt), x⟩ +

1

2
‖x − xt‖2

�
= xt − �∇F(xt),

(8)G�(xt, x
+
t
)
(5)
=

1

�

(
xt − x+

t

) (7)
=

1

�

(
xt −

(
xt − �∇F(xt)

))
= ∇F(xt),

(9)min
x∈ℝd

{
Φ(x) = R(x)

}
.

(10)x+
t

(4),(3)
∈ arg min

x∈ℝd

�
�R(x) +

1

2
‖x − xt‖2

�
= prox�R(xt),

(11)G�(xt, x
+
t
)
(5)
=

1

�

(
xt − x+

t

) (10)
=

1

�

(
xt − prox�R(xt)

)
,

(12)min
x∈ℝd

{
Φ(x) = F(x) + R(x)

}
.

(13)
x+
t

(4),(3)
∈ arg min

x∈ℝd

�
�⟨∇F(xt), x⟩ + �R(x) +

1

2
‖x − xt‖2

�

= prox�R(xt − �∇F(xt)),
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which is a standard measure for the convergence of proximal algorithms in the non-
convex setting [6, 16, 26].

2.3 � Definitions and lemmas

Definition 1  (L-smoothness) The differentiable function h is L-smooth if its gradient 
∇h is Lipschitz continuous. i.e., there exists L > 0 , such that

Definition 2  (Proposition 4.8, [34]) The function h is �-strongly convex if there 
exists 𝜇 > 0 , such that

Lemma 1  (Lemma 1.2.3, [27]) Assume that the function h is L-smooth, then

Lemma 2  (Theorem 1, [30]) Assume that {Xt}, {Yt} and {Zt} are three non-negative 
sequences of random variable, {�t} is a non-negative real sequence and Ft is a �
-algebra. If Xt, Yt , Zt are all Ft-measurable and the following conditions hold 

(1)	 �[Yt+1|Ft] ≤ (1 + �t)Yt − Xt + Zt.
(2)	

∑∞

t=1
𝛾t < ∞,  

∑∞

t=1
Zt < ∞  a.s.

Then, Yt converges almost surely and 
∑∞

t=1
Xt < ∞ almost surely (a.s.).

Lemma 3  (Lemma 3, [21]) Assume that {Xt} is a non-negative sequence of random 
variable and �t ≥ 0 is non-increasing. If the following conditions hold

then we have

where o denotes the higher-order infinitesimal. i.e., for two sequences {at} and {bt} , 
at = o(bt) if and only if limt→∞ at∕bt = 0.

(14)G�(xt, x
+
t
)
(5)
=

1

�

(
xt − x+

t

) (13)
=

1

�

(
xt − prox�R(xt − �∇F(xt))

)
,

(15)‖∇h(x) − ∇h(y)‖ ≤ L‖x − y‖, ∀ x, y ∈ dom h.

(16)h(y) ≥ h(x) + ⟨g(x), y − x⟩ + �

2
‖y − x‖2.

(17)�h(y) − h(x) − ⟨∇h(x), y − x⟩� ≤ L

2
‖y − x‖2, ∀ x, y ∈ dom h.

(18)
∞�

t=1

𝜂t+1∑t

j=1
𝜂j

= ∞,

∞�

t=1

𝜂t+1Xt < ∞ a.s.

(19)min
1≤i≤t Xi = o

�
1

∑t

j=1
�j

�
a.s.
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Lemma 4  Suppose that z ∈ argminx∈X
�
�⟨g, x⟩ + �R(x) + B� (x, y)

�
 for some 

g, y ∈ ℝ
d and the �-strongly convex function �(x) . If F(x) is L-smooth, then for any 

x ∈ X , we have

Proof  By the optimality of z, we can show that for any x ∈ X,

Upon rearranging the above equation, we have

Since F(x) is L-smooth, we can apply Lemma 1 to have

Next, upon combining (23) and (24), we arrive at

By the fact that Φ(z) = F(z) + R(z) , we finally obtain

This complete the proof. 	�  ◻

(20)
Φ(z) ≤ Φ(x) + ⟨∇F(y) − g, z − x⟩

+
1

�
B� (x, y) −

1

�
B� (z, y) +

L

2
‖y − x‖2 + L

2
‖z − y‖2.

(21)�⟨g, z⟩ + �R(z) + B� (z, y) ≤ �⟨g, x⟩ + �R(x) + B� (x, y).

(22)R(z) ≤ R(x) + ⟨g, x − z⟩ + 1

�
B� (x, y) −

1

�
B� (z, y).

(23)F(z) ≤ F(y) + ⟨∇F(y), z − y⟩ + L

2
‖z − y‖2,

(24)F(x) ≥ F(y) + ⟨∇F(y), x − y⟩ − L

2
‖y − x‖2.

(25)

F(z)
(23)≤ F(y) + ⟨∇F(y), z − y⟩ + L

2
‖z − y‖2

(24)≤ F(x) + ⟨∇F(y), y − x⟩ + L

2
‖y − x‖2 + ⟨∇F(y), z − y⟩ + L

2
‖z − y‖2

= F(x) + ⟨∇F(y), z − x⟩ + L

2
‖y − x‖2 + L

2
‖z − y‖2.

(26)

Φ(z) = F(z) + R(z)
(22)
≤ F(z) + R(x) + ⟨g, x − z⟩ + 1

�
B� (x, y) −

1
�
B� (z, y)

(25)
≤ F(x) + ⟨∇F(y), z − x⟩ + L

2
‖y − x‖2 + L

2
‖z − y‖2

+ R(x) + ⟨g, x − z⟩ + 1
�
B� (x, y) −

1
�
B� (z, y)

= Φ(x) + ⟨∇F(y) − g, z − x⟩ + 1
�
B� (x, y)

− 1
�
B� (z, y) +

L
2
‖y − x‖2 + L

2
‖z − y‖2.
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3 � Almost sure convergence rate analysis

Assumption 1  The objective function Φ(x) and SCOMID (see (2)) satisfy the fol-
lowing conditions: 

(a)	 The objective function Φ(x) is lower bounded, i.e., there exists a constant 
Φ∗ > −∞ , such that Φ(x) ≥ Φ∗ for any x.

(b)	 The function F(x) is L-smooth, and �t(x) is �-strongly convex.
(c)	 There exist 𝜎 > 0 and �t ≥ 0 such that 

Remark 2  The convergence guarantees of SCOMID often rely on the unbiased 
estimation gt and the convexity of the regularizer R(x) [9, 12]. However, these 
two assumptions are absent in many practical applications, such as under the non-
i.i.d. sampling in computer aided diagnosis [11] and the non-convex regularizer in 
speckle noise removal [15]. It is worth mentioning that, as shown in Assumption 1, 
we no longer require the unbiasedness of stochastic gradient gt and the convexity of 
regularizer R(x). In addition, compared with the bounded variance assumption (i.e., 
�t = 0 in Assumption 1(c)) used in [12, 18, 35], the slightly weaker Assumption 1(c) 
can effectively reduce the dependence of variance on the constant �.

Theorem  1  Suppose that Assumption  1 holds and SCOMID (see (2)) is employed 
with a non-increasing stepsize, �t , such that

where �t ≥ 0 is defined in (27). Then, we have

Proof  Since from Assumption 1 (b) the function F(x) is L-smooth, we begin with 
the conclusion in (20) of Lemma 4. First, by the definition of x+

t
 in Sect.  2.1, let 

z = x+
t
 , then set � = �t∕2 , � = �t , g = ∇F(xt) and y = xt to meet the condition 

z ∈ argminx∈X
�
�⟨g, x⟩ + �R(x) + B� (x, y)

�
 , i.e.,

From the update in (2) of SCOMID, we can show that the iterate xt ∈ X for any 
t ≥ 1 . Upon applying Lemma  4 with z = x+

t
 , � = �t∕2 , � = �t , g = ∇F(xt) and 

y = xt , for x = xt ∈ X , we have

(27)�[‖gt − ∇F(xt)‖2�Ft] ≤ �t
�
Φ(xt) − Φ∗

�
+ �2,

(28)
∞�

t=1

𝜂2
t
< ∞,

∞�

t=1

𝜂t𝛼t < ∞,

∞�

t=1

𝜂t+1∑t

j=1
𝜂j

= ∞, and 𝜂t ≤ 𝜇

8L
,

(29)min
1≤i≤t �i‖G�i∕2

(xi, x
+
i
)‖2 = o

�
1

∑t

j=1
�j

�
a.s.

(30)x+
t
∈ argmin

x∈X

��t

2
⟨∇F(xt), x⟩ +

�t

2
R(x) + B�t

(x, xt)
�
.
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Next, by the update rule in (2) of the SCOMID algorithm, we choose 
z = xt+1 , then set � = �t , � = �t , g = gt and y = xt to meet the condition 
z ∈ argminx∈X

�
�⟨g, x⟩ + �R(x) + B� (x, y)

�
 , i.e.,

Similarly, from the definition of x+
t
 in (30), we can show that for any t ≥ 1 , the 

sequence x+
t
∈ X . Now, upon applying Lemma  4 with z = xt+1 , � = �t , � = �t , 

g = gt and y = xt , for x = x+
t
∈ X , we then obtain

where the second inequality holds by the �-strongly convexity of �t(x) in Assump-
tion 1 (b), i.e.,

The inner product ♣ in (33) can be estimated as follows

(31)

Φ(x+
t
) ≤ Φ(xt) + ⟨∇F(xt) − ∇F(xt), x

+
t
− xt⟩ +

L

2
‖xt − xt‖2

+
L

2
‖xt − x+

t
‖2 + 2

�t
B�t

(xt, xt) −
2

�t
B�t

(x+
t
, xt)

= Φ(xt) +
L

2
‖xt − x+

t
‖2 − 2

�t
B�t

(x+
t
, xt),

(32)xt+1 ∈ argmin
x∈X

�
�t⟨gt, x⟩ + �tR(x) + B�t

(x, xt)
�
,

(33)

Φ(xt+1) ≤ Φ(x+
t
) + ⟨∇F(xt) − gt, xt+1 − x+

t
⟩ + L

2
‖xt+1 − xt‖2

+
L

2
‖xt − x+

t
‖2 + 1

�t
B�t

(x+
t
, xt) −

1

�t
B�t

(xt+1, xt)

(34)≤ Φ(x+
t
) + ⟨∇F(xt) − gt, xt+1 − x+

t
⟩ + L

2
‖xt+1 − xt‖2

+
L

2
‖xt − x+

t
‖2 + 1

�t
B�t

(x+
t
, xt) −

�

2�t
‖xt+1 − xt‖2

= Φ(x+
t
) +

�
L

2
−

�

2�t

�
‖xt+1 − xt‖2 +

L

2
‖xt − x+

t
‖2

+ ⟨∇F(xt) − gt, xt+1 − x+
t
⟩

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
♣

+
1

�t
B�t

(x+
t
, xt),

(34)B�t
(xt+1, xt) = �t(xt+1) − �t(xt) − ⟨∇�t(xt), xt+1 − xt⟩ ≥ �

2
‖xt+1 − xt‖2.
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where we use the Cauchy-Schwarz �⟨a, b⟩� ≤ ‖a‖ ‖b‖ in the first inequal-
ity, and the second inequality follows from ab ≤ (1∕2)

(
a2 + b2

)
 with 

a = (2
√
�t∕

√
�) ‖∇F(xt) − gt‖ and b =

�√
�∕(2

√
�t)

�
‖xt+1 − x+

t
‖ . The last inequal-

ity holds by ‖a + b‖2 ≤ 2‖a‖2 + 2‖b‖2 with a = xt+1 − xt and b = xt − x+
t
 . Upon 

substituting (35) back into (33), we further have

Next, from the stepsize condition 𝜂t ≤ 𝜇∕(8L) < 𝜇∕(2L) , we can obtain 
L∕2 − �∕(4�t) < 0 , so we arrive at

Upon combining (37) and (31), we arrive at

(35)

♣ ≤ ‖∇F(xt) − gt‖ ⋅ ‖xt+1 − x+
t
‖

≤ 2�t

�
‖∇F(xt) − gt‖2 +

�

8�t
‖xt+1 − x+

t
‖2

=
2�t

�
‖∇F(xt) − gt‖2 +

�

8�t
‖xt+1 − xt + xt − x+

t
‖2

≤ 2�t

�
‖∇F(xt) − gt‖2 +

�

4�t
‖xt+1 − xt‖2 +

�

4�t
‖xt − x+

t
‖2,

(36)

Φ(xt+1)
(33)
≤ Φ(x+t ) + ♣ +

(L
2
−

�
2�t

)

‖xt+1 − xt‖2 +
L
2
‖xt − x+t ‖

2 + 1
�t
B�t

(x+t , xt)

(35)
≤ Φ(x+t ) +

2�t
�

‖∇F(xt) − gt‖2 +
�
4�t

‖xt+1 − xt‖2 +
�
4�t

‖xt − x+t ‖
2

+
(L
2
−

�
2�t

)

‖xt+1 − xt‖2 +
L
2
‖xt − x+t ‖

2 + 1
�t
B�t

(x+t , xt)

= Φ(x+t ) +
2�t
�

‖∇F(xt) − gt‖2 +
(L
2
−

�
4�t

)

‖xt+1 − xt‖2

+
(L
2
+

�
4�t

)

‖xt − x+t ‖
2 + 1

�t
B�t

(x+t , xt).

(37)
Φ(xt+1) ≤ Φ(x+

t
) +

2�t

�
‖∇F(xt) − gt‖2

+
�
L

2
+

�

4�t

�
‖xt − x+

t
‖2 + 1

�t
B�t

(x+
t
, xt).
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where the last inequality holds by the stepsize condition �t ≤ �∕(8L) , i.e., 
L − �∕(4�t) ≤ −�∕(8�t) . We use the �-strongly convexity of �t(x) in the third ine-
quality above, i.e.,

Now, the conditional expectation on (38) with respect to Ft gives

where the first equality holds by the fact that xt is Ft-measurable, i.e., 
�[Φ(xt)|Ft] = Φ(xt) and �[‖xt − x+

t
‖2�Ft] = ‖xt − x+

t
‖2 . The last inequality follows 

from Assumption  1 (c), i.e., �[‖gt − ∇F(xt)‖2�Ft] ≤ �t
�
Φ(xt) − Φ∗

�
+ �2 . Upon 

subtracting Φ∗ from both sides of (40), we have

(38)

Φ(xt+1)
(37)
≤ Φ(x+t ) +

2�t
�

‖∇F(xt) − gt‖2 +
(L
2
+

�
4�t

)

‖xt − x+t ‖
2 + 1

�t
B�t

(x+t , xt)

(31)
≤ Φ(xt) +

L
2
‖xt − x+t ‖

2 − 2
�t
B�t

(x+t , xt)

+
2�t
�

‖∇F(xt) − gt‖2 +
(L
2
+

�
4�t

)

‖xt − x+t ‖
2 + 1

�t
B�t

(x+t , xt)

= Φ(xt) +
(

L +
�
4�t

)

‖xt − x+t ‖
2 − 1

�t
B�t

(x+t , xt) +
2�t
�

‖∇F(xt) − gt‖2

(39)
≤ Φ(xt) +

(

L +
�
4�t

)

‖xt − x+t ‖
2 −

�
2�t

‖xt − x+t ‖
2 +

2�t
�

‖∇F(xt) − gt‖2

= Φ(xt) +
(

L −
�
4�t

)

‖xt − x+t ‖
2 +

2�t
�

‖∇F(xt) − gt‖2

≤ Φ(xt) −
�
8�t

‖xt − x+t ‖
2 +

2�t
�

‖∇F(xt) − gt‖2,

(39)B�t
(x+

t
, xt) = �t(x

+
t
) − �t(xt) − ⟨∇�t(xt), x

+
t
− xt⟩ ≥ �

2
‖xt − x+

t
‖2.

(40)

�[Φ(xt+1)�Ft] ≤ �[Φ(xt)�Ft] −
�

8�t
�[‖xt − x+

t
‖2�Ft] +

2�t

�
�[‖∇F(xt) − gt‖2�Ft]

= Φ(xt) −
�

8�t
‖xt − x+

t
‖2 +

2�t

�
�[‖∇F(xt) − gt‖2�Ft]

≤ Φ(xt) −
�

8�t
‖xt − x+

t
‖2 +

2�t

�

�
�t
�
Φ(xt) − Φ∗

�
+ �2

�

= Φ(xt) −
�

8�t
‖xt − x+

t
‖2 +

2�t�t

�

�
Φ(xt) − Φ∗

�
+

2�2�t

�
.
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where the last equality follows from the definition of G�(xt, x
+
t
) and (30), i.e.,

which implies that ‖xt − x+
t
‖2 = (�2

t
∕4)‖G�t∕2

(xt, x
+
t
)‖2 . Upon multiplying (41) by 

�t+1 , we can obtain

where the last inequality follows from the the non-increasing behaviour of the step-
size �t , i.e., �t+1 ≤ �t.

Finally, let Yt = �t
(
Φ(xt) − Φ∗

)
 , �t = (2�t�t)∕� , Xt = (��t‖G�t∕2

(xt, x
+
t
)‖2)∕32 

and Zt = (2�2�2
t
)∕� . Then, (43) becomes

Recall the stepsize conditions 
∑∞

t=1
𝜂t𝛼t < ∞ and 

∑∞

t=1
𝜂2
t
< ∞ , then we know that ∑∞

t=1
𝛾t < ∞ and 

∑∞

t=1
Zt < ∞ . Thus, by Lemma 2, we have

Finally, a combination of Lemma 3 with the condition 
∑∞

t=1

�t+1∑t

j=1
�j
= ∞ gives

This completes the proof. 	�  ◻

(41)

�[Φ(x
t+1) − Φ∗�F

t
]

≤ Φ(x
t
) − Φ∗ −

�

8�
t

‖x
t
− x

+
t
‖2 +

2�
t
�
t

�

�
Φ(x

t
) − Φ∗

�
+

2�2�
t

�

=
�
1 +

2�
t
�
t

�

��
Φ(x

t
) − Φ∗

�
−

�

8�
t

‖x
t
− x

+
t
‖2 +

2�2�
t

�

=
�
1 +

2�
t
�
t

�

��
Φ(x

t
) − Φ∗

�
−

��
t

32
‖G�

t
∕2(xt, x

+
t
)‖2 +

2�2�
t

�
.

(42)G�(xt, x
+
t
)
(5)
=

xt − x+
t

�

(30)
=

xt − x+
t

�t∕2
=

2(xt − x+
t
)

�t
,

(43)

�[�
t+1

�
Φ(x

t+1) − Φ∗
�
�F

t
]

≤ �
1 +

2�
t
�
t

�

�
�
t+1

�
Φ(x

t
) − Φ∗

�
−

��
t+1�t

32
‖G�

t
∕2(xt, x

+
t
)‖2 +

2�2�
t
�
t+1

�

≤ �
1 +

2�
t
�
t

�

�
�
t

�
Φ(x

t
) − Φ∗

�
−

��
t+1�t

32
‖G�

t
∕2(xt, x

+
t
)‖2 +

2�2�2
t

�
.

(44)�[Yt+1|Ft] ≤ (1 + �t)Yt − �t+1Xt + Zt.

(45)
∞∑

t=1

𝜂t+1Xt < ∞ a.s.

(46)min
1≤i≤t �i‖G�i∕2

(xi, x
+
i
)‖2 = o

�
1

∑t

j=1
�j

�
a.s.
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Corollary 1  Following the setting of Theorem  1 and choosing the stepsize 
�t = �∕(1 + ��t

1

2
+�) for any � , � ≥ 0 and � ∈

(
0, 1∕2

)
 gives

Proof  Since t ≥ 1 in the stepsize condition �t = �∕(1 + ��t
1

2
+�) , we arrive at

which implies that �t ≥ �∕
(
(1 + ��)t

1

2
+�
)
 . Upon by the integral test inequality, we 

have

where the last inequality follows from the concavity of h(x) = x
1

2
−� , so that

In other words, by taking y = 1 and x = t , we can get t
1

2
−� − 1 ≥ (

1

2
− �)t−

1

2
−�(t − 1) . 

Next, combining (48) and (49), we can obtain

Upon setting Gi = ‖G�i∕2(xi, x
+
i )‖

2 , and applying the inequality 
min1≤i≤t �iGi ≥ �t min1≤i≤t Gi , we have

For the left hand side of (52), we apply Theorem 1 to get

The application of Squeeze theorem in conjunction with (52) gives

(47)min
1≤i≤t ‖G�i∕2

(xi, x
+
i
)‖2 = o

�
t 2�

�
a.s.

(48)1 + ��t
1

2
+� ≤ t

1

2
+� + ��t

1

2
+� = (1 + ��)t

1

2
+� ,

(49)

t∑

j=1

�j
(48)≥

t∑

j=1

�

(1 + ��)j
1

2
+�

≥ �
t

1

�

(1 + ��)x
1

2
+�
dx

=
�
(
t
1

2
−� − 1

)
(
1 + ��

)(
1

2
− �

) ≥ �t−
1

2
−�(t − 1)

1 + ��
,

(50)h(y) ≤ h(x) + h�(x)(y − x).

(51)
( t∑

j=1

�j

)
�t

(48),(49)≥ �t−
1

2
−�(t − 1)

1 + ��

�

(1 + ��)t
1

2
+�

=
�2t−1−2�(t − 1)

(1 + ��)2
.

(52)
( t∑

j=1

�j

)
min
1≤i≤t �iGi ≥

( t∑

j=1

�j

)
�t min

1≤i≤t Gi

(51)≥ �2t−1−2�(t − 1)

(1 + ��)2
min
1≤i≤t Gi ≥ 0.

(53)lim
t→∞

( t∑

j=1

�j

)
min
1≤i≤t �iGi = 0 a.s.

(54)lim
t→∞

t−1−2�(t − 1) min
1≤i≤t Gi = 0 a.s.
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which implies that min1≤i≤t Gi = o
(

t1+2�∕(t − 1)
) . Since2 t1+2�∕(t − 1) ∼ t2� , ( t → ∞ ), we then 

have o(t1+2�∕(t − 1)) = o(t2�) . Therefore, we finally obtain

This completes the proof. 	�  ◻

Remark 3  It should be noted that the boundedness of the squared generalized pro-
jected gradient norm can be obtained only in expectation, by an additional rand-
omized step [12]. In contrast, we achieve the almost sure convergence of SCOMID 
without the bounded variance assumption (i.e., �t = 0 in Assumption 1(c)) and the 
unbiasedness of the stochastic gradient gt . In addition, by choosing � → 0 in the 
stepsize �t , we can conclude that o

(
t 2�

)
→ o(1) . Then, Corollary  1 indicates that 

min1≤i≤t ‖G�i∕2
(xi, x

+
i
)‖2 is arbitrarily close to zero with probability one.

Theorem  2  Suppose that Assumption 1 holds and SCOMID (see (2)) is employed 
with a stepsize �t that satifies 

∑∞

t=1
𝜂t < ∞ , 

∑∞

t=1
𝜂t𝛼t < ∞ and �t ≤ �∕(8L) . Then, 

there exists a constant Φ̄ < ∞ such that

Proof  By the L-smoothness of F(x), the inequality (41) in the proof of Theorem 1 
still holds. i.e.,

In view of the conditions 
∑∞

t=1
𝜂t < ∞ and 

∑∞

t=1
𝜂t𝛼t < ∞ , upon applying Lemma 2 

we conclude that Φ(xt) − Φ∗ converges almost surely. Thus, there exists a constant 
Φ̄ < ∞ such that limt→∞ Φ(xt) = Φ̄  a.s.. 	�  ◻

Remark 4  The almost sure convergence of function values Φ(xt) − Φ∗ for SCOMID 
is obtained in Theorem 2. Nevertheless, by additionally assuming the G-Lipschitz 
continuity of F(x) and the unbiasedness of gt , the almost sure convergence of func-
tion values for SGD has been achieved in [25]. It should be noted that G-Lipschitz 
continuity implies the boundedness of the gradient norm ‖∇F(xt)‖ , which takes the 
convergence of subsequence ‖∇F(xt,k)‖ a priori.

(55)min
1≤i≤t ‖G�i∕2

(xi, x
+
i
)‖2 = min

1≤i≤t Gi = o
�
t 2�

�
a.s.

(56)lim
t→∞

Φ(xt) = Φ̄ a.s.

(57)
�[Φ(xt+1) − Φ∗

|t] ≤
(

1 +
2�t�t
�

)(

Φ(xt) − Φ∗
)

−
��t
32

‖G�t∕2(xt, x
+
t )‖

2 +
2�2�t
�

.

2  f (x) ∼ g(x) : there exist x0 , such that limx→x0
f (x)∕g(x) = 1.
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4 � Numerical experiments

The SCOMID algorithm (2) was tested on solving the regularized logistic regression 
problem. More specifically, we constructed a new non-convex non-smooth regular-
izer R(x) = �

∑d

j=1
�xj�∕(1 + �xj�) based on the non-convex smooth regularizer 

R(x) = �
∑d

j=1
x2
j
∕(1 + x2

j
) adopted in [39]. Then, the logistic regression problem can 

be formulated as

where {ai, bi}Ni=1 is the training set with ai ∈ ℝ
d and bi ∈ {−1, +1} , 𝜆 > 0 denotes 

the regularization factor, and xj is the j-th component of x. Similarly to [39], we used 
two relatively binary classification datasets A9A ( N = 16, 281, d = 123 ) and CINA 
( N = 3, 206, d = 133 ) from LIBSVM3.

To illustrate the performance of the SCOMID algorithm with different stepsizes, 
we followed [7, 10, 12] to choose the distance generating function �t(x) = ‖x‖2∕2 
in (2). In addition, owing to the variability in size of different datasets, we set the 
total number of iterations T of each experiment to depend on the data volume N, 
i.e., T = 20 × N for A9A dataset and T = 60 × N for CINA dataset. For better com-
parison, we also run SCOMID with the same regularization factor � = 10−2∕N and 
the same random initial point in each experiment. We examined the following three 
stepsize schemes.

(a) Comparison of different fixed stepsizes: Our first experiment aimed to com-
pare the behaviour of SCOMID using different fixed stepsizes � . We considered four 
stepsize choices: � ∈ {0.001, 0.002, 0.005, 0.01} . The results are provided in Fig. 1, 
and show that the function value sequences of SCOMID with fixed stepsizes men-
tioned above are all convergent. For the considered datasets and stepsizes, overall 
� = 0.01 provides the best performance.

(58)min
x∈ℝd

1

N

N∑

i=1

log
(
1 + exp(−bi ⋅ a

T
i
x)
)
+ �

d∑

j=1

|xj|
1 + |xj|

,
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Fig. 1   Performance of the SCOMID algorithm with different fixed stepsizes for solving regularized 
logistic regression problem on A9A and CINA

3  LIBSVM website: https://​www.​csie.​ntu.​edu.​tw/​~cjlin/​libsv​mtools/​datas​ets/.

https://www.csie.ntu.edu.tw/%7ecjlin/libsvmtools/datasets/
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(b) Comparison of different diminishing stepsizes: Next, we tested the SCO-
MID algorithm with diminishing stepsizes on two different datasets. Accord-
ing to Corollary 1 in Sect. 3, we considered the diminishing stepsizes of the form 
�t = �∕(1 + ��t

1

2
+�) with � = 0.05 . For a fair comparison, we fixed the parameter 

� = 0.005 in the experiment, then select � from the set {−1∕4, 0, 1∕4, 1∕2} . Fig-
ure 2 shows the convergence behavior of SCOMID with different diminishing step-
sizes mentioned above. We observe from Fig. 2 that the loss decays with an increas-
ingly fast rate as � gradually decreases to zero (i.e., �t increases to �∕(1 + ��t

1

2 ) ). 
However, once � goes down below zero (e.g., � = −1∕4 ), the performance of SCO-
MID will not improve further, which indcates that � = 0 is optimal among all con-
sidered values. This is consistent with our theoretical analysis in Corollary  1 and 
Remark 3, which shows that the almost sure convergence result improves by choos-
ing � close to zero.

(c) Comparison of the diminishing stepsize with different parameters: Fur-
ther, we tested the SCOMID algorithm using the optimal diminishing stepsize 
�t = �∕(1 + ��t

1

2 ) , suggested by Corollary  1. Then, we fixed � = 0.05 as (b) and 
tuned the parameter � in the set {0.001, 0.0025, 0.005 } . The performance is pro-
vided in Fig. 3 and shows that the larger parameter � = 0.005 performs much better 
than the other two settings.
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Fig. 2   Performance of the SCOMID algorithm with different diminishing stepsizes for solving regular-
ized logistic regression problem on A9A and CINA
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Fig. 3   Performance of the SCOMID algorithm with different parameters to diminishing stepsizes for 
solving regularized logistic regression problem on A9A and CINA
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5 � Conclusions

We have provided the almost sure convergence analysis of SCOMID with biased 
gradient estimation in the non-convex non-smooth setting. Under a slightly weaker 
Assumption 1(c) and only L-smoothness of F(x), we have proved that the minimum 
of the squared generalized projected gradient norm is arbitrarily close to zero with 
probability one. Furthermore, the almost sure convergence of function values has 
been established by selecting an appropriate sequence of time-varying stepsizes. 
Finally, we have verified the theoretical findings through several numerical experi-
ments. In view of the general distance function B�t

 used in the iterate (2), our theo-
retical analysis of almost sure convergence is quite general and can be extended to a 
wide range of stochastic optimization algorithms.
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